We say that k ideals of algebraic integers in a fixed number ring are mwise relatively prime if any m of them are relatively prime. In this article, we provide an exact formula for the probability that k ideals of algebraic integers in a fixed number ring are m-wise relatively prime.
Introduction
A rather intriguing result in number theory is that the probability that two random positive integers are relatively prime is 6 π 2 . More generally, the probability that k positive integers are relatively prime is 1 ζ(k) ; see [6] for instance. In 1975, Benkoski [1] further generalized Lehmer's work, showing that the probability that k positive integers are relatively r-prime (that is, these integers have no common rth power prime factor) is 1 ζ(rk) .
Another way to generalize this is to consider pairwise relatively prime integers. In 2002, László Tóth [9] established that the probability that k positive integers are pairwise relatively prime equals
In 2012, Jerry Hu [3] generalized this result further to find a formula for the probability that k positive integers are m-wise relatively prime, concluding that this probability equals
Observing that these results all refer to the set of positive integers, it is natural to ask if one can we extend these results to other sets with similar properties. In 2010, Sittinger [7] extended the result of Benkoski to ideals of algebraic integers in a number field using Nymann's methods of deriving growth estimates. He deduced the probability that k ideals of algebraic integers from a given algebraic number ring O K are relatively r-prime is 1 ζ K (rk)
, where ζ K denotes the Dedekind zeta function. In this article, we provide generalizations of the results of Tóth and Hu to rings of algebraic integers.
Statement of the Main Theorem
Let K be an algebraic number field with associated ring of algebraic integers O K . We denote gcd(a 1 , ..., a k ) as the greatest common divisor of the ideals a 1 , ..., a k ⊆ O K and say that a 1 , ..., a k are relatively prime if gcd(a 1 , ..., a k ) = (1) = O K . Moreover, for any fixed positive integer m ≤ k, we say that a 1 , ..., a k are m-wise relatively prime if any m of these ideals are relatively prime.
Fix k, m, n ∈ N and u = (u 1 , ..., u m−1 ) be an (m − 1)-tuple of pairwise relatively prime ideals in O K . Let Q (u) k,m (n) denote the number of ordered ktuples of ideals a 1 , a 2 , ..., a k with norms at most n that are m-wise relatively prime and are i-wise relatively prime to u i for i = 1, ..., m − 1. Now we state our main result. 
where c, ǫ > 0 are constants dependent only on O K ,
and θ(u 1 ) is the number of square-free divisors of u 1 .
Remark:
The specific values of the constants c and ǫ come from the classic estimate for H(n), the number of ideals in O K with norm at most n (see [4] for a proof): 
.
As usual, h K and R K refer to the class number and regulator of the number field K, respectively. We will repeatedly use this estimate in this paper.
Before we move onto the proof of the main theorem, we record a couple of its consequences, both off which reduce to the results in Z found in the work of Hu and Tóth ([3] , [9] ). First of all, applying Theorem 2.1 and Lemma 2.2 yields the following corollary.
Corollary 2.3
The probability that k ideals of algebraic integers are m-wise relatively prime and are i-wise relatively prime to u i , for i = 1, ..., m − 1 is
Then, by taking u i = (1) for each i = 1, ..., m − 1 in Corollary 2.3, we obtain: Corollary 2.4 The probability that k ideals of algebraic integers are m-wise relatively prime is
Lemmas for the Main Theorem
Following Tóth [9] , we first define a number ring generalization for the Piltz divisor function τ k (n), the number of ways to write a positive integer n as a product of k nontrivial factors.
the number of ways of writing a as a product of k nontrivial ideals.
If a is a principal ideal; that is, a = (α) for some α ∈ O K , then we adopt the notation T k (a) = T k (α). We first prove a generalization of the classic fact for τ k (n), see [5] for a proof of the original fact.
Lemma 3.2 For any integer k ≥ 2, we have
Proof: We prove this by induction on k. To prove the claim for k = 2, observe that the number of ideals that contain a equals T 2 (a). This gives us
Next, we apply Lemma 2.2 to H(n) and re-indexing by norms to obtain the desired result:
For the last step, we use the facts
Next, we assume that the claim is true for k. In order to establish the claim for k + 1, we first note that
, we obtain with the aid of Lemma 2.2
First, we estimate T k (r) r . By using partial summation,
By the inductive hypothesis, we have
Moreover,
Therefore, we conclude that
Next, we estimate x r=1 T k (r)r ǫ−1 . By using partial summation and the inductive hypothesis,
Therefore,
Now, we put all of our estimates together. Recalling that
we conclude that
thereby completing the induction step.
As with Lemma 3.2, we use the following two lemmas (3.3 and 3.4) in the proof of Theorem 2.1 when computing the error terms for Q (u) k+1,m (n).
Proof : (a) By Lemma 2.2, the number of ideals whose norm is exactly r is given by
Thus, we find that
By calculations in the proof of Lemma 3.2, the first term is O(log k x). To estimate the second term, we use partial summation along with Lemma 3.2:
However, since
we can say that
Applying these estimates establishes (a).
(b) We investigate the problem indirectly by considering at all ideals with norm less than or equal to x. This claim immediately follows after we prove that
We prove this by induction on k. First, note that for any n > 1, we have
Then, we find that
and this establishes the inductive step. Next, we assume that the claim is true for k. To this end, we use the recurrence
By rewriting
Since we know
Then, applying the inductive hypothesis yields
However, analogous computations to those in the proof of Lemma 3.2 gives us
and
Therefore, using these facts along with the base case gives us
completing the induction and the proof of this lemma.
For the next lemma, fix k ∈ N and define ω(a) as the number of distinct prime ideal factors of a. Observe that the function k ω(a) denotes the number of k-th power free ideal divisors of a. In particular, we have θ(a) = 2 ω(a) .
Lemma 3.4 For all
Proof : We first show that T k is multiplicative by induction on k. First of all, T 1 is trivially multiplicative, because T 1 (a) = 1 for all ideals a ⊆ O K . Next, assuming that T k (a) is multiplicative, we see that T k+1 is multiplicative, because
Next, we establish the inequality in question. Since the functions in the inequality are both multiplicative, it suffices to show the inequality is true for a = p r for some prime ideal p ⊆ O K and r ∈ N which reduces to
We show this inequality is true using induction on k. This inequality is trivially true for k = 1. Assuming that is is true for k, we need to show that
Since we are assuming r+k−1 r ≥ k, we have k + 1 ≤ r + k, which is true since r ≥ 1. This proves the inequality is true for k + 1, as required.
To generalize the result of Hu [3] , we need the following notational convention. We first establish a recurrence for Q (u) k,m (n), which will be useful when we prove the result by induction on k.
Definition 3.5 For a pair of nonzero ideals
Lemma 3.6 For k, n ≥ 1 and m ≥ 2, we have
where
Proof:
We first observe that a 1 , ..., a k+1 are m-wise relatively prime and are i-wise relatively prime to u i for i = 1, 2, ..., m − 1, iff the following criteria are satisfied: 1) a 1 , ..., a k are m-wise relatively prime.
2) a 1 , ..., a k are i-wise relatively prime to u i for i = 1, 2, ..., m − 1.
3) a 1 , ..., a k are i-wise relatively prime to gcd(a k+1 , u i+1 ) for i = 1, ..., m − 2. 4) a 1 , ..., a k are (m − 1)-wise relatively prime to a k+1 . 5) gcd(a k+1 , u 1 ) = (1).
For notational brevity, we say that a 1 , ..., a k satisfying criteria 1-4 belongs to the set P. Then, we have that
Next, since a 1 , ..., a k are (m− 1)-wise relatively prime to a k+1 and to u m−1 , they are also (m − 1)-wise relatively prime to their product a k+1 u m−1 . Applying this observation and relabelling j = a k+1 , we obtain
where P ′ denotes the set of all a 1 , ..., a k satisfying criteria 1-3, along with a 1 , ..., a k being (m − 1)-wise relatively prime to u m−1 j.
However, since a 1 , ..., a k are (m − 1)-wise relatively prime to u m−1 j, and (a 1 , ..., a k ) is i-wise relatively prime to u i gcd(j, u i+1 ) for all i = 1, ..., m − 2 (due to (a 1 , ..., a k ) being i-wise relatively prime to both u i and gcd(j, u i+1 )), we conclude that
We are not done, because j * ′ u need not be pairwise relatively prime. To finish this proof, we must show that we are summing over the same set of ideals satisfying j * ′ u as the pairwise relatively prime (m − 1)-tuple
, ...,
Plainly, the first entries of these (m − 1)-tuples are the same, and thus there is nothing to prove. Next, fix i = 2, ..., m − 2, and consider the ith entries of these (m − 1)-tuples. We need to show that (a 1 , ..., a k ) is i-wise relatively prime to u i gcd(j, u i+1 ) iff (a 1 , ..., a k ) is i-wise relatively prime to ui gcd(j,ui+1) (j,ui] . One direction is trivial, since
divides u i gcd(j, u i+1 ). For the other inclusion, (a 1 , ..., a k ) is by hypothesis i-wise relatively prime to ui gcd(j,ui+1) (j,ui] . Also, by the original premise, (a 1 , ..., a k ) is i-wise relatively prime to u i . However, if (a 1 , ..., a k ) is i-wise relatively prime to u i , then (a 1 , ..., a k ) must be i-wise relatively prime to gcd(j, u i ). and thus to (j, u i ]. Thus, (a 1 , . .., a k ) is i-wise relatively prime to the product u i gcd(j, u i+1 ), as required. . As before, one direction is trivial, since
As for the other inclusion, note that if (a 1 , ..., a k ) is i-wise relatively prime to a, then (a 1 , ..., a k ) is (i + 1)-wise relatively prime to a. With this fact, we deduce that for each i = 2, ..., m−2, we see that (a 1 , ..., a k ) being i-wise relatively prime to u i implies that (a 1 , ..., a k ) is j-wise relatively prime to (u i , j] for each j = i + 1, i + 2, ..., m − 1. Finally, we conclude that
Since j * u is pairwise relatively prime, the lemma is established. 
and for i = m − 1, we have
and ω(u i ) is the number of distinct prime ideal factors of u i .
Proof : Since these functions are multiplicative, it suffices to verify these assertions for a power of a prime ideal. By the definition of f k,m,i , we obtain
Therefore, for i ∈ {1, ..., m − 2}, we have
This establishes the first part of the lemma, and the assertion for f k,m,m−1 is proved in a similar manner. Proof : By Pascal's Identity, we have for any fixed i = 1, ..., m − 1:
By taking the max over all i ∈ {1, ..., m − 1}, we obtain the desired result.
Proof of the Main Theorem
We are now ready to prove Theorem 2.1, our main result. As a reminder, we restate it below. 
Proof : We prove this by induction on k. For k = 1, the Inclusion-Exclusion principle yields Q
Next, applying the estimate for H, we obtain
Noting that A 1,m = 1, f 1,m,i = 1 for all i = 2, ..., m − 1, and f 1,m,1 (u) =
, this establishes the theorem for k = 1.
Next, we assume that the theorem is true for k. The idea is to apply the inductive hypothesis to Lemma 3.6:
Noting that f k,m,i and θ are multiplicative and that θ(j) ≤ T 2 (j) for any ideal j, we deduce that Q (u) k+1,m (n) equals
However, since ui+1 (j,ui+1] is the product of all primes in u i+1 that do not divide j, we find that f k,m,i+1
Applying this result, along with using Lemmas 3.2 and 3.8 for the error term, we obtain
Next, we consider
. By Lemma 3.7, we can rewrite this as
Next, we write
, it must follow that N(d i )|N(u i+1 ) for i = 1, ..., m − 2, and that gcd(d m−1 , u i ) = (1) for i = 1, ..., m − 1. Hence, we rewrite the above expression as
. 
gcd(e,u1)=(1)
For the error term in the last line, we use the fact that
This can be decomposed into the principal term
and its resulting error terms. 
Moreover, the other error term O θ(u 1 )n
can be similarly rewritten by using Lemmas 3.3 and 3.4 as
Hence, putting our two error terms together, we obtain O θ(u 1 )n k+1−ǫ log δ(k+1,m) n , and note that this is the desired O-term for our k + 1 case in our induction.
Now we return to the principal term. First, we rewrite its sum as follows: 
Applying these observations to our sum, we obtain
Next, we consider the sum over all possible d i ⊆ O K with i = 1, ..., m − 2. Noting that a multiplicative function f also satisfies
we obtain for each i = 1, ..., m − 2:
Rewriting these m − 1 sums as their equivalent products, we obtain
Noting that p|u1 1 − 1 N(p) can be considered the i = 1 factor of the product on the right side of the previous equality, we are able to summarize our work to this point as follows:
In order to finish the proof, we need to rewrite the products in the expression above. First of all, we assert that
To show this, observe that since
it suffices to show that
This immediately follows from Pascal's Identity:
To conclude the proof of the theorem, it remains to show that
In order to show this, we rewrite f k,m,i (u i ) as follows:
By applying this to the right side of the identity that we want to prove, it reduces to
By rewriting N(p) as (N(p) − 1) + 1, re-indexing the last sums in the numerator and denominator and applying Pascal's Identity yields
Putting this all together, we conclude that
thereby completing the inductive step.
Approximating the Probabilities
Inspired by Tóth ([9]), we now give a way to approximate the infinite products developed in this article. Observe by the Binomial Theorem that for all j ≤ k, we have However, for all m = 2, ..., j − 1:
by Bernoulli's inequality 
For the last line, we use the fact that there are at most d = [K : Q] prime ideals lying above a given rational prime. Next, since p n > 2n for all n ≥ 5, we obtain
Next, we rewrite this as a telescoping sum, obtaining
Finally, in order to guarantee r decimal point accuracy to A k,m , we want R N ≤ 10 −r 2 . By using the work above, we find that N ≥ d(k − 1) 2 · 10 r + (k − 3) 2 .
Using Python, we obtain approximate values for probabilities of ordered ktuples of ideals from a few algebraic integer rings being pairwise relatively prime, rounded to the nearest ten-thousandth. 
